Numbers, Exponents and Radicals

Lesson 4.0


The Number System

Natural Numbers

N 
=  {1, 2, 3, …}


-
Mainly for counting (I have 3 pens) or for ordering (Jason came 2nd in a race).

Whole Numbers

W 
=  {0, 1, 2, 3, …}


-
A set of natural numbers with zero (0).

Integers




Z
=  {…, -3, -2, -1, 0, 1, 2, 3, …}


-
Z stands for Zahlen.  It means numbers in German.

Rational Numbers

Q  =  {
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, where both m & n are integers, and 
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-
Any numbers that can be represented as Quotient.


e.g. 
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Irrational Numbers
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 = {numbers which cannot be written as Quotients}

-
Any number that cannot be expressed as a terminating or repeating decimal (although it may have patterns)



e.g.
0.12123123412345…


[image: image11.wmf]2

 (as of 1.414213562…)

( (as of 3.141592653…)

Real Numbers


R
=  {N, W, Z, Q, 
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}

-
Every kind of numbers we have mentioned above.
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Most numbers belong to the Real Number System.  Numbers not belonging to the Real Number System are called the Complex Numbers (e.g. square roots of negative numbers).  

Each number in the real number system is either Rational or Irrational.  Within the Rational Numbers, numbers can be classified further into sub-system.  

You can use the following chart to classify the type of number you encounter:

	RATIONAL NUMBERS (Q)

	IRRATIONAL NUMBERS (
[image: image14.wmf]Q

)
Decimals that are non-repeating 

and non-terminating

            e.g.   0.12123123412345…


                     ( (as of 3.141592653…)
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 (as of 1.414213562…)





	Decimals that terminate or repeat
	

	
	

	INTEGERS (Z)

 …, -3, -2, -1, 0, 1, 2, 3,…
	

	
	

	WHOLE (W)
	

	0, 1, 2, 3, 4,…
	

	
	

	NATURAL (N)
	

	1, 2, 3, 4,…
	

	
	

	
	


To classify a number, follow these steps:

a. Determine whether the number is real or not.
b. Determine whether it is rational or irrational.

c. If it is irrational, you’re done.  If it is rational, see if it belongs to the next category (Integers).  If it does, see if it belongs to the next category (Whole Numbers).  Keep doing this process until you have classified the number into all of the appropriate categories!

Eg1. 
Identify each number as rational (Q) or irrational (
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).


a)
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b)
3




c)
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d)
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e)
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f)
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g)
-0.123


h)
|-2|



i)
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j)
9.898998999…

Eg2.
Name the set(s) in which the number belong.  {R, N, W, Z, Q, 
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}

	

a)
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c)
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__________________ R Q
	d)
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_________________

	

e)
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	f)
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g)
 2

__________________
	h)
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Practices

Worksheet 

[image: image33.png]EXERCISES I

Q 1. Does each number appear to be rational or irrational?
a) 2.1474747474. .. b) —6.132133134 ... c) 72.04129647...
d) 0.161661666... e) —2.236067977 ... f) —4.317495 ...

2. Using a calculator, /434 = 20.832 666 66.
a) Is the number 20.832 666 66 rational or irrational? Explain.
b) Is the number /434 rational or irrational? Explain.

5. Which of these numbers are irrational?

a) v/21 b) /16 0) /24 d) +/200 e) 2.5
o 7. Which of these numbers are irrational?
a) V3 b) /24 ¢) v/25 d) 2 + /36
e) 2+/36 f) V36 + /64 g) /36 + 64 h) V2 + /4
8. Which numbers below belong to each set?

a) natural numbers b) integers

¢) rational numbers d) irrational numbers
3 0.217 -6 41 275 32
67 2% NG V121 6.121 121 ...

9. a) Are all integers rational numbers?
b) Are all natural numbers integers?
¢) Are all whole numbers natural numbers?
d) Are some rational numbers integers?

e) Are some rational numbers irrational?

11. Write a number that is:
a) an integer but not a natural number
b) a whole number but not a natural number
¢) a rational number and an integer

d) a rational number but not an integer

12. Draw a large diagram similar to that in the lesson. Write each number below
in its proper place on the diagram.

93 0.35 g 10° —32.141 414
V7 % -2 L V9 + /16




Answers

1.
only (a) is rational; all others are irrational.

2.
(a) is rational; this number is a terminating decimal (i.e. neither repeating nor continuing)


(b) is irrational; the square root of 434 cannot be simplified to an integer.

5.
(a), (d), (e)

7.
(a), (b)

8.
(a)
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(b) All numbers from part (a) and 
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(c) All numbers from part (b) and 
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(d)
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9.
(a) Yes 
(b) Yes 
(c) No 

(d) Yes 
(e) No

11.
Answers may vary… the following are simply some sample answers…



(a) -1, -23, etc...





(b) 0 is the only number





(c) 5, -2, 0, 67, etc…




(d) -2.5, ½ , 0.121212…, etc…

12.
Refer to the notes.

Numbers, Exponents and Radicals

Lesson 4.1


Square Roots and Cube Roots
Very often we work with regular-sized figures, such as squares and cubes.  Other times we use them to approximate the area and volume of irregular shapes.  Estimation would be easier if we know the relationship between the side lengths and their areas/volumes.  

Eg1.
Using the grid below, determine (a) the side length and (b) the area for each square.

	

i)          ii)             iii)                 iv)
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 (a) 
side



(b) 
area


   


i)

ii)


iii)


iv)


Then, what is the length of a square that would give an area of 25 unit2?

Perfect squares and Square roots are related to each other.  In the previous examples:
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As 25 is a perfect square of 5, the square root of 25 equals 5.

The same concept applies to Perfect Cubes and Cube Roots.  
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as in
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As 216 is a perfect cube of 6, the cube root of 216 equals 6.

Eg2.
Check whether the following is a perfect square, a perfect cube, both, or neither.  



a)
49









b)
27












c)
64




d)
504
















e)
1,000

The technique we used in the previous example is called prime factorization (or, factor tree).  This method expresses a given number as a product of its relative primes, helps identify the perfect squares / perfect cubes embedded in any given number.

Eg3.
Evaluate the following.



a)

[image: image55.wmf]4900










b)
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c)
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We can also estimate square roots and cube roots without a calculator.  Without a calculator, it becomes very important to know the first 20 perfect squares and the first 5 perfect cubes...

1     4    9    16   25   36   49   64   81   100   121   144   169   196   225   256   289   324   361   400


1

8

27
  
 64
  125

Eg4.
Estimate the following without a calculator.

	

a)
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b)
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c)
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d)
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	e)
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f)
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g)
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Eg5.
The surface area of a cube is 60 cm2.  Estimate its volume.
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Practices:
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# (1–3)abcf, 4abcef, 5adf, 6be, 8abde (mandatory – one from each)
 



Worksheet 4.1 (mandatory – ef from all)




MHR
p.158

# 9–11, 16–19 (mandatory – any 3)
Worksheet 4.1

1.
Simplify without a calculator.


a)
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b)
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c)
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d)
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e)
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f)
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g)
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h)
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i)

[image: image74.wmf]3

0.0010.01

-


2.
Estimate each root to 1 decimal place.  Then, use your calculator to check your estimation.


a)
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b)
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c)
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d)
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e)
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f)
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3.
Estimate to the nearest unit.  Then, check your approximation with your calculator.


a)
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b)

[image: image82.wmf]3189








c)
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d)
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e)
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f)
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Answers

1.
a)
5



b)
7



c)
6




d)
12



e)
2



f)
2




g)
6



h)
23



i)
0

2.
a)
8.9


b)
4.2


c)
2.9



d)
11.1


e)
5.2


f)
14.1

3.
a)
5.5+8.5 = 14




b)
3x13.7 = 41




c)
8x10.1–2x5.5=80.8–11=70


d)
5.5/1.7=3





e)
(5x5.2)/(2x6.5)=2


f)
6/(1.4+1.7)=6/3.1=2

Numbers, Exponents & Radicals

Lesson 4.2


Simplifying Radicals

Instead of estimating radicals (square roots, cube roots, etc…) for our calculation, most of the time we want to simplify the radicals – mainly to eliminate estimation error.  

Here comes the 
  Multiplication Property   for simplifying radicals:
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Eg1.
Simplify 
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a)
using prime factorization





b)
using a factor tree

In the above example, 
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is described as 

entire


 radical,







and
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is described as 

mixed


 radical.

Eg2.
Simplify the following entire radicals to mixed radicals.



a)
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b)
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c)
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Eg3.
Convert the following mixed radicals to entire radicals.



a)
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b)
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Eg4.
Multiply.



a)

[image: image99.wmf]68

´













b)
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c)
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Worksheet 4.2

Worksheet 4.2

Multiply without using a calculator.  Leave your answers in the simplest form.

a)
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b)
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c)
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d)
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e)
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f)
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g)
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h)
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i)
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j)
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l)
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Answers

a)
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b)
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c)
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d)
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e)
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f)
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h)
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Numbers, Exponents and Radicals
Lesson 4.3

Integral Exponents
Here are some examples to help recall the Law of Exponents.


Eg1.
a)
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Product Law:
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b)
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Quotient Law:
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c)
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Power Law:
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d)
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Zero Exponent:
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e)
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Negative Exponent:
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Eg2.
Evaluate in exact values.



a)
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[image: image137.wmf]2

7

11

æö

-

ç÷

èø







c)

[image: image138.wmf]3

3

2

-

-

æö

ç÷

èø







d)
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Eg3.
Simplify.



a)
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b)
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Eg4.
Recently the world’s population just hit the 
[image: image146.wmf]7,000,000,000

 mark.  It is estimated that the population will continue to grow at an annual rate of  
[image: image147.wmf]1.14%

.  The population growth can be modelled using the formula   
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  , where P is the estimated population and n is the number of years.  Determine the following:



a)
The projected population in 10 years.


b)
The time to double the population.
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Numbers, Exponents & Radicals

Lesson 4.4 

Rational Exponents

Eg1.
Compare each pair with a calculator.



a)
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  and  
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b)
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Given the above examples, here comes another Law of Exponent:

[image: image153.wmf]x


=

[image: image154.wmf]1

2

x






















Similarly, 
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In general,
the Radical Law states that:
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Eg2.
Using a calculator, evaluate the following to two decimal places:



a)
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c)
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d)
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By extending the law, we have:
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Eg3.
Determine the exact value without using a calculator.



a)
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b)
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[image: image168.wmf](

)

2

3

27

-






d)

[image: image169.wmf]0.25

81

16

-

æö

ç÷

èø






















=
27




=
¼ 





=
9





=
2/3 








Eg4.
Simplify the following expressions.  



a)
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b)
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c)
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d)
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e)
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f)
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Eg5.
The cooling of a cup of coffee can be modelled using the formula 
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, where 
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 is the temperature in degrees Celsius, and 
[image: image178.wmf]t

 is the time elapsed in minutes.  

	

a)
What is its temperature after half an hour?

	b) 
For how long would it be 22oC?
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